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Êîíñòðóêöèÿ ïÿòèðû÷àæíîãî ìåõàíèçìà

Ðèñ.: Ïÿòèðû÷àæíûé ìåõàíèçì ( c©Spong).

Îáùèé ñëó÷àé

íå ïàðàëëåëîãðàìì

l1 6= l3, l2 6= l4

ãîëîíîìíûå ñâÿçè Nc(q) â
çàìêíóòîé
êèíåìàòè÷åñêîé öåïè
âûçûâàþò ñèëû ñâÿçåé Fc.

Ïîñëåäîâàòåëüíîñòü âûâîäà óð-èé äâèæåíèÿ

Âû÷èñëåíèå êèíåòè÷åñêîé ýíåðãèè K(q1, q2, q3, q4)

Âû÷èñëåíèå ïîòåíöèàëüíîé ýíåðãèè P(q1, q2, q3, q4)

Ñîñòàâëåíèå óð-èÿ Ýéëåðà-Ëàãðàíæà L = K−P .
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Êèíåòè÷åñêàÿ è ïîòåíöèàëüíàÿ ýíåðãèÿ

Ðèñ.: Ïÿòèðû÷àæíûé ìåõàíèçì ( c©Spong).

Êîîðäèíàòû öåíòðîâ ìàññ[
xc1
yc1

]
=

[
lc1 cos q1
lc1 sin q1

]
[

xc2
yc2

]
=

[
lc2 cos q2
lc2 sin q2

]
[

xc3
yc3

]
=

[
l2 cos q2 + lc3 cos q3
l2 sin q2 + lc3 sin q3

]
[

xc4
yc4

]
=

[
l1 cos q1 − lc4 cos q4
l1 sin q1 − lc4 sin q4

]
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[
l2 cos q2 + lc3 cos q3
l2 sin q2 + lc3 sin q3
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[

xc4
yc4

]
=

[
l1 cos q1 − lc4 cos q4
l1 sin q1 − lc4 sin q4

]
Ëèíåéíûå/óãëîâûå ñêîðîñòè

vc1 =

[
−lc1 sin q1 0 0 0
lc1 cos q1 0 0 0

] 
q̇1
q̇2
q̇3
q̇4


vc2 = . . . , vc3 = . . . , vc4 = . . .
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[
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xc4
yc4
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=

[
l1 cos q1 − lc4 cos q4
l1 sin q1 − lc4 sin q4

]
Ýíåðãèÿ

K = 1
2

[
m1 |vc1|2 + ωT

1I1ω1

]
+ 1

2

[
m2 |vc2|2 + ωT

2I2ω2

]
+ 1

2

[
m3 |vc3|2 + ωT

3I3ω3

]
+ 1

2

[
m4 |vc4|2 + ωT

4I4ω4

]
P = m1gyc1 + m2gyc2 + m3gyc3 + m4gyc4
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Ãîëîíîìíûå ñâÿçè

Ãîëîíîìíûå ñâÿçè â ìåõàíèçìå
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Ãîëîíîìíûå ñâÿçè

Ãîëîíîìíûå ñâÿçè â ìåõàíèçìå

Nc(q) =

[
l1 cos q1 + l4 cos q4 − l2 cos q2 − l3 cos q3
l1 sin q1 + l4 sin q4 − l2 sin q2 − l3 sin q3

]
= 0

d
dt Nc(q) = Jc(q)q̇ = 0

=

[
−l1 sin q1 l2 sin q2 l3 sin q3 −l4 sin q4
l1 cos q1 −l2 cos q2 −l3 cos q3 l4 cos q4

]
q̇ = 0
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dt Nc(q) = Jc(q)q̇ = 0

=

[
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Ãîëîíîìíûå ñâÿçè

Ãîëîíîìíûå ñâÿçè â ìåõàíèçìå

Nc(q) =

[
l1 cos q1 + l4 cos q4 − l2 cos q2 − l3 cos q3
l1 sin q1 + l4 sin q4 − l2 sin q2 − l3 sin q3

]
= 0

d
dt Nc(q) = Jc,1(q)

[
q̇1
q̇2

]
+ Jc,2(q)

[
q̇3
q̇4

]
= 0

d2

dt2 Nc(q) =
[
J̇c,1(q, q̇) J̇c,2(q, q̇)

]
q̇ +

[
Jc,1(q) Jc,2(q)

]
q̈ = 0
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Ðåäóöèðîâàííàÿ äèíàìèêà

Ñèñòåìà îïèñàíà â èçáûòî÷íûõ êîîðäèíàòàõ {q1, q2, q3, q4} ∈ R4.

Äâå íåçàâèñèìûå ãîëîíîìíûå ñâÿçè Nc(q) ∈ R2 âûçûâàþò ñèëû Fc ∈ R2.

Ïðàâàÿ ÷àñòü óð-èÿ Ý-Ë ñîäåðæèò ñèëû ñâÿçè

d
dt

[
∂(K−P)

∂q̇

]
− ∂(K−P)

∂q
= τ + JT

c Fc

Íóæíî âû÷èñëèòü ñèëû ñâÿçè è ðåäóöèðîâàòü äèíàìèêó äî 4− 2 = 2
îáîáùåííûõ êîîðäèíàò, ò.å. {q1, q2} ∈ R2.
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Ðåäóöèðîâàííàÿ äèíàìèêà

Âûáèðàåì qr = [q1, q2]
T è qc = [q3, q4]

T

[
D1(q)
D2(q)

] [
q̈r
q̈c

]
+

[
C1(q, q̇)
C2(q, q̇)

] [
q̇r
q̇c

]
+

[
G1
G2

]
=

[
τr
0

]
+

[
JT
c,1Fc

JT
c,2Fc

]
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]
Ïîäñòàâëÿåì èç âûðàæ-èé äëÿ îáîáùåííûõ êîîðäèíàò

qc = f (qr), f : N(qr)→ qc

q̇c = −J−1
c,2 (q)Jc,1(q)q̇r

q̈c = −J−1
c,2 (q)

[
J̇c,1(q, q̇r)q̇r + Jc,1(q)q̈r + J̇c,2(q, q̇r)q̇c

]
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]
Ñèëû ñâÿçåé âû÷èñëÿþòñÿ êàê

Fc =

[
Fc,x
Fc,y

]
=
[
JT
c,2
]−1

[
D2(q)

[
q̈r
q̈c

]
+ C2(q, q̇r)

[
q̇r
q̇c

]
+ G2

]
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]
Ðåäóöèðîâàííàÿ äèíàìèêà ïîñëå ãðóïïèðîâêè ñëàãàåìûõ

Dr(q)
[

q̈1
q̈2

]
+ Cr(q, q̇)

[
q̇1
q̇2

]
+ Gr =

[
τ1
τ2

]
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Îïåðàöèîííîå ïð-âî
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Ïÿòèðû÷àæíûé ìåõàíèçì (óïðîùåíèå)

Ðèñ.: Ïÿòèðû÷àæíûé ìåõàíèçì ( c©Spong).

Óïðîùåííûé ñëó÷àé

ïàðàëëåëîãðàìì

l1 = l3, l2 = l4
q3 = q1, q4 = q2

ñðàçó èñïîëüçóåì
îáîùåííûå êîîðäèíàòû
{q1, q2} è íå ðàññìàòðèâàåì
ñèëû ñâÿçåé

Ïîñëåäîâàòåëüíîñòü âûâîäà óð-èé äâèæåíèÿ

Âû÷èñëÿåì êèíåòè÷åñêóþ ýíåðãèÿ K(q1, q2)

Âû÷èñëÿåì ïîòíåöèàëüíóþ ýíåðãèþ P(q1, q2)

Âûâîäèì óð-èå Ýéëåðà-Ëàãðàíæà L = K−P .
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Çàìêíóòàÿ êèíåìàòèêà
Ãèáêèå ñî÷ëåíåíèÿ

Ìåòîä Íüþòîíà
Îïåðàöèîííîå ïð-âî

Çàêëþ÷åíèå

Êèíåòè÷åñêàÿ è ïîòåíöèàëüíàÿ ýíåðãèÿ

Ðèñ.: Ïÿòèðû÷àæíûé ìåõàíèçì
( c©Spong).

[
xc1
yc1

]
=

[
lc1 cos q1
lc1 sin q1

]
[

xc2
yc2

]
=

[
lc2 cos q2
lc2 sin q2

]
[

xc3
yc3

]
=

[
l2 cos q2 + lc3 cos q1
l2 sin q2 + lc3 sin q1

]
[

xc4
yc4

]
=

[
l1 cos q1 − lc4 cos q2
l1 sin q1 − lc4 sin q2

]
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Çàìêíóòàÿ êèíåìàòèêà
Ãèáêèå ñî÷ëåíåíèÿ

Ìåòîä Íüþòîíà
Îïåðàöèîííîå ïð-âî

Çàêëþ÷åíèå

Êèíåòè÷åñêàÿ è ïîòåíöèàëüíàÿ ýíåðãèÿ

Ðèñ.: Ïÿòèðû÷àæíûé ìåõàíèçì
( c©Spong).

[
xc1
yc1

]
=

[
lc1 cos q1
lc1 sin q1

]
[

xc2
yc2

]
=

[
lc2 cos q2
lc2 sin q2

]
[

xc3
yc3

]
=

[
l2 cos q2 + lc3 cos q1
l2 sin q2 + lc3 sin q1

]
[

xc4
yc4

]
=

[
l1 cos q1 − lc4 cos q2
l1 sin q1 − lc4 sin q2

]

vc1 =

[
−lc1 sin q1 0
lc1 cos q1 0

]
q̇, vc2 =

[
0 −lc2 sin q2
0 lc2 cos q2

]
q̇

vc3 =

[
−lc3 sin q1 −l2 sin q2
lc3 cos q1 l2 cos q2

]
q̇, vc4 =

[
−l1 sin q1 lc4 sin q2
l1 cos q1 −lc4 cos q2

]
q̇

ω1 = ω3 = q̇1~k, ω2 = ω4 = q̇2~k
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Çàìêíóòàÿ êèíåìàòèêà
Ãèáêèå ñî÷ëåíåíèÿ

Ìåòîä Íüþòîíà
Îïåðàöèîííîå ïð-âî

Çàêëþ÷åíèå

Êèíåòè÷åñêàÿ è ïîòåíöèàëüíàÿ ýíåðãèÿ

Ðèñ.: Ïÿòèðû÷àæíûé ìåõàíèçì
( c©Spong).

[
xc1
yc1

]
=

[
lc1 cos q1
lc1 sin q1

]
[

xc2
yc2
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=

[
lc2 cos q2
lc2 sin q2

]
[

xc3
yc3
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=
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l2 sin q2 + lc3 sin q1
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[

xc4
yc4

]
=
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l1 cos q1 − lc4 cos q2
l1 sin q1 − lc4 sin q2

]

K = 1
2

[
m1 |vc1|2 + ωT

1I1ω1

]
+ 1

2

[
m2 |vc2|2 + ωT

2I2ω2

]
+ 1

2

[
m3 |vc3|2 + ωT

3I3ω3

]
+ 1

2

[
m4 |vc4|2 + ωT

4I4ω4

]
P = m1gyc1 + m2gyc2 + m3gyc3 + m4gyc4
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Çàìêíóòàÿ êèíåìàòèêà
Ãèáêèå ñî÷ëåíåíèÿ

Ìåòîä Íüþòîíà
Îïåðàöèîííîå ïð-âî

Çàêëþ÷åíèå

Óðàâíåíèå äâèæåíèÿ

Âû÷èñëåíèå êèíåòè÷åñêîé ýíåðãèè

K =
1
2

q̇TD(q)q̇ =
1
2

q̇T

[
d11 d12
d12 d22

]
q̇

ïðè d11 = m1l2c1 + m3l2c3 + m4l21 + I1 + I3

d12 = [m3l2lc3 −m4l1lc4] · cos(q2 − q1)

d22 = m2l2c2 + m3l22 + m4l2c4 + I2 + I4
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Çàìêíóòàÿ êèíåìàòèêà
Ãèáêèå ñî÷ëåíåíèÿ

Ìåòîä Íüþòîíà
Îïåðàöèîííîå ïð-âî

Çàêëþ÷åíèå

Óðàâíåíèå äâèæåíèÿ

Âû÷èñëåíèå êèíåòè÷åñêîé ýíåðãèè

K =
1
2

q̇TD(q)q̇ =
1
2

q̇T

[
d11 0
0 d22

]
q̇

ïðè d11 = m1l2c1 + m3l2c3 + m4l21 + I1 + I3

d12 = [m3l2lc3 −m4l1lc4] · cos(q2 − q1)

d22 = m2l2c2 + m3l22 + m4l2c4 + I2 + I4

Åñëè ìåõàíèçì ñêîíñòðóèðîâàí òàê ÷òî [m3l2lc3 −m4l1lc4] = 0 ,
òîãäà ìàòðèöà èíåðöèè äèàãîíàëüíàÿ è ïîñòîÿííàÿ.
⇒ Äèíàìèêà íå ñîäåðæèò Êîðèîëèñîâûõ è öåíòðîáåæíûõ ñèë!
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Çàìêíóòàÿ êèíåìàòèêà
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K =
1
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1
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ïðè d11 = m1l2c1 + m3l2c3 + m4l21 + I1 + I3

d12 = [m3l2lc3 −m4l1lc4] · cos(q2 − q1)

d22 = m2l2c2 + m3l22 + m4l2c4 + I2 + I4

Åñëè ìåõàíèçì ñêîíñòðóèðîâàí òàê ÷òî [m3l2lc3 −m4l1lc4] = 0 ,
òîãäà ìàòðèöà èíåðöèè äèàãîíàëüíàÿ è ïîñòîÿííàÿ.
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Óðàâíåíèÿ äâèæåíèÿ íå èìåþò ïåðåêðåñòíûõ ñâÿçåé

d11q̈1 +
∂

∂q1
P = τ1 , d22q̈2 +

∂
∂q2
P = τ2
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Çàìêíóòàÿ êèíåìàòèêà
Ãèáêèå ñî÷ëåíåíèÿ

Ìåòîä Íüþòîíà
Îïåðàöèîííîå ïð-âî

Çàêëþ÷åíèå

Ðîáîòû ñ ãèáêèìè ñî÷ëåíåíèÿìè

Ðèñ.: Ñõåìà ãèáêîãî
ñî÷ëåíåíèÿ

Ðèñ.: Ãàðìîíè÷åñêèé
ðåäóêòîð

Ãèáêèå ñî÷ëåíåíèÿ

Àêòþàòîð (âõîä) è çâåíî (âûõîä) ñâÿçàíû ÷åðåç
ãèáêèé (äåôîðìèðóåìûé) ýëåìåíò

äëèííûé âàë

ãàðìîíè÷åñêèé ðåäóêòîð

ðåìíè/òðîñû

Ãèáêîñòü ìîæåò ñïåöèàëüíî âíîñèòüñÿ

1 êîíñòðóêòèâíî/ôèçè÷åñêè (VSA, SEA)

2 ïðîãðàììíî

äëÿ

áåçîïàñíîãî pHRI

ãåíåðèðîâàíèÿ "âçðûâíûõ"äâèæåíèé
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Çàìêíóòàÿ êèíåìàòèêà
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Îïåðàöèîííîå ïð-âî

Çàêëþ÷åíèå
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äëèííûé âàë

ãàðìîíè÷åñêèé ðåäóêòîð

ðåìíè/òðîñû

Ãèáêîñòü ìîæåò ñïåöèàëüíî âíîñèòüñÿ
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Çàìêíóòàÿ êèíåìàòèêà
Ãèáêèå ñî÷ëåíåíèÿ

Ìåòîä Íüþòîíà
Îïåðàöèîííîå ïð-âî

Çàêëþ÷åíèå

Ìîäåëèðîâàíèå ãèáêèõ ñî÷ëåíåíèé

Ìîäåëüíûå äîïóùåíèÿ

1 äåôîðìàöèÿ ñîñðåäîòî÷åíà â ñî÷ëåíåíèè

2 ãèáêîñòü âûçûâàåò íåáîëüøèå ñìåùåíèÿ (îïèñûâàþòñÿ ìîäåëüþ ëèíåéíîé
ïðóæèíû)

3 ðîòîðû ïðèâîäîâ èìåþò ðàâíîìåðíîå ðàñïðåäåëåíèå ìàññû ñ öåíòðîì
ìàññ íà îñè âðàùåíèÿ

4 ïðèâîä ðàñïîëàãàåòñÿ äî ïðèâîäèìîãî èì â äâèæåíèå çâåíà
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Çàìêíóòàÿ êèíåìàòèêà
Ãèáêèå ñî÷ëåíåíèÿ

Ìåòîä Íüþòîíà
Îïåðàöèîííîå ïð-âî

Çàêëþ÷åíèå

Ìîäåëèðîâàíèå ãèáêèõ ñî÷ëåíåíèé

ââîäèòñÿ 2n îáîáùåííûõ êîîðäèíàò: q ∈ Rn - êîîðäèíàòû çâåíüåâ , θ ∈ Rn -
êîîðäèíàòû ïðèâîäîâ (θi = θmi/ri, ri - ïåðåäàòî÷íîå ÷èñëî)
äîáàâëÿåì êèíåòè÷åñêóþ ýíåðãèþ ïðèâîäà

Kmi =
1
2
Im θ̇2

mi =
1
2
Imr2

i θ̇2
i

Km =
n

∑
i=1
Kmi =

1
2

θ̇TMm θ̇

Mm - äèàãîíàëüíàÿ ìàòðèöà èíåðöèè ïðèâîäîâ
äîáàâëÿåì ïîòíåöèàëüíóþ ýíåðãèè äåôîðìèðîâàííîé ïðóæèíû

Pei =
1
2

Ki(qi − θi)
2

Pe =
n

∑
i=1
Pei =

1
2
(q− θ)TK(q− θ)

K - äèàãîíàëüíàÿ ìàòðèöà êîýôôèöèåíòîâ æåñòêîñòè ñî÷ëåíåíèé
ñîñòàâëÿåì óð-èå äâèæåíèÿ

M(q)q̈ + c(q, q̇) + G(q) + K(q− θ) = 0,

Mm θ̈ + K(θ − q) = τ
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Çàìêíóòàÿ êèíåìàòèêà
Ãèáêèå ñî÷ëåíåíèÿ

Ìåòîä Íüþòîíà
Îïåðàöèîííîå ïð-âî

Çàêëþ÷åíèå

Ñðàâíåíèå ìåòîäîâ

Ìåòîäû

(Ýéëåðà-)Ëàãðàíæà - êèíåòè÷åñêàÿ è ïîòåíöèàëüíàÿ ýíåðãèÿ
äèíàìèêà ìíîãîçâåííîãî ðîáîòà ðàññìàòðèâàåòñÿ â öåëîì
âíóòðåííèå ñèëû ðåàêöèè ñâÿçåé èñêëþ÷àþòñÿ èç óðàâíåíèé
óðàâíåíèÿ â ñèìâîëüíîé ôîðìå
ëó÷øå äëÿ àíàëèçà

Íüþòîíà(-Ýéëåðà) - áàëàíñ ñèë è ìîìåíòîâ
óðàâíåíèÿ çàïèñàíû îòäåëüíîãî äëÿ êàæäîãî òåëà/çâåíà
â ÿâíîì âèäå âûïèñûâàþòñÿ ñèëû ðåêöèè ñâÿçåé ìåæäó çâåíüÿìè
óðàâíåíèÿ â ÷èñëåííîé ðåêóðñèâíîé ôîðìå
ëó÷øå äëÿ ñèíòåçà (óïðàâëåíèå, ïðèìåíåíèå)

Èñêëþ÷àÿ ñèëû ðåàêöèè è îñóùåñòâëÿÿ îáðàòíóþ ïîäñòàíîâêó, ìîæåì
ïîëó÷èòü èç óð-èé Íüþòîíà óð-èÿ äâèæåíèÿ àíàëîãè÷íûå óð-ÿì Ëàãðàíæà
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Çàìêíóòàÿ êèíåìàòèêà
Ãèáêèå ñî÷ëåíåíèÿ

Ìåòîä Íüþòîíà
Îïåðàöèîííîå ïð-âî

Çàêëþ÷åíèå

Çàêîíû Íüþòîíà

2-é çàêîí Íüþòîíà

ëèíåéíîå äâèæåíèå - ñóììà ñèë = èçìåíåíèå ëèíåéíîãî ìîìåíòà
(èìïóëüñà)

∑ fi =
d
dt

(mνc) = mν̇c

âðàùàòåëüíîå äâèæåíèå - ñóììà ìîìåíòîâ = èçìåíåíèå óãëîâîãî ìîìåíòà

∑ τi =
d
dt

(Iω) = Iω̇ +
d
dt

(
RI′RT

)
ω = Iω̇ +

(
ṘI′RT + RI′ṘT

)
ω

=Iω̇ + S(ω)RI′RTω + RI′RTST(ω)ω = Iω̇ + ω× Iω

I = RI′RT - ìîìåíò èíåðöèè â èíåðöèàëüíîé ÑÊ, I′ - ìîìåíò èíåðöèè â
ñîáñòâåííîé ÑÊ çâåíà

3-é çàêîí Íüþòîíà

Ïðèíöèï áàëàíñà äåéñòâèÿ è ïðîòèâîäåéñòâèÿ
ñèëà/ìîìåíò, ïðèëîæåííàÿ òåëîì i ê òåëó i + 1 = - ñèëà/ìîìåíò, ïðèëîæåííàÿ
òåëîì i + 1 ê òåëó i
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Çàêëþ÷åíèå

Ïðîèçâîäíàÿ âåêòîðà â äâèæóùåéñÿ ÑÊ

ñêîðîñòü ÷àñòèöû ν = νc + ω× r = νc + S(ω)r

ñêîðîñòü â ñòàöèîíàðíîé ÑÊ 0νi =
0 Ri ·i νi

óñêîðåíèå â ñòàöèîíàðíîé ÑÊ

0ai =
0 ν̇i =

0 Ri ·i ν̇i +
0 Ṙi ·i νi =

0 Ri
i · ν̇i +

0 ωi ×0 Ri ·i νi = (1)

0Ri(
i ν̇i +

i ωi ×i νi) =
0 Ri ·i ai ⇒

iai =
i ν̇i +

i ωi ×i νi

0an =0 ai +
i an + (iωn ×0 ai)
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Îïåðàöèîííîå ïð-âî

Çàêëþ÷åíèå

Ëèíåéíîå äâèæåíèå

c©De Luca

Óðàâíåíèå äëÿ ñèë

fi − fi+1 + mig = miaci ,

fi - ñèëà, ñ êîòîðîé çâåíî i− 1 äåéñòâóåò íà çâåíî i, fi+1 - ñèëà, ñ êîòîðîé çâåíî
i äåéñòâóåò íà çâåíî i + 1, mig - ñèëà ãðàâèòàöèè, aci - ëèíåéíîå óñêîðåíèå
öåíòðà ìàññ çâåíà
Âñå âåêòîðû âûðàæåíû â îäíîé ÑÊ (ëîêàëüíàÿ ÑÊ çâåíà)!
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Âðàùàòåëüíîå äâèæåíèå

c©De Luca

Óðàâíåíèå äëÿ ìîìåíòîâ

τi − τi+1 + fi × ri−1,ci − fi+1 × ri,ci

= Iiω̇i + ωi × (Iiωi) ,

τi - ìîìåíò, ñ êîòîðûì çâåíî i− 1 äåéñòâóåò íà çâåíî i, τi+1 - ìîìåíò, ñ
êîòîðûì çâåíî i äåéñòâóåò íà çâåíî i + 1, fi × ri−1,ci - ìîìåíò èç-çà äåéñòâèÿ
ñèëû fi, −fi+1 × ri,ci - ìîìåíò èç-çà äåéñòâèÿ ñèëû −fi+1, ω̇i - óãëîâîå óñêîðåíèå
i-ãî çâåíà
Âñå âåêòîðû âûðàæåíû â îäíîé ÑÊ (ëîêàëüíàÿ ÑÊ çâåíà)!
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Ðåêóðñèâíàÿ ïðîöåäóðà

Ïðîöåäóðà äëÿ n-çâåííîãî ìàíèïóëÿòîðà

1 âûáðàòü ÑÊ 0, . . . , n ãäå ÑÊ i ïðèêðåïëåíà ê çâåíó i,
ÑÊ 0 - èíåðöèàëüíàÿ . Ïðåäïîëàãàåì, ÷òî æåëàåìàÿ òðàåêòîðèÿ {q, q̇, q̈} (â
îáîáùåííûõ êîîðäèíàòàõ) çàäàíà.

2 Âû÷èñëèòü óñêîðåíèÿ è ñêîðîñòè çâåíüåâ {aci, ωi, αi} äëÿ i îò 1 äî n äëÿ
íà÷àëüíûõ óñëîâèé {ac0 = 0, ω0 = 0, α0 = 0}.

3 Âû÷èñëèòü ñèëû/ìîìåíòû, äåéñòâóþùèå íà çâåíüÿ {fi, τi} äëÿ i îò n äî 1,
ñòàðòóÿ ñ òåðìèíàëüíûõ óñëîâèé {fn+1 = 0, τn+1 = 0}.
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Âû÷èñëåíèå ñêîðîñòåé/óñêîðåíèé

Ïðÿìàÿ ðåêóðñèÿ

1 âûðàæåíèÿ äëÿ âðàùàòåëüíûõ çâåíüåâ

2 åñëè íåò âåðõíåãî èíäåêñà, âåêòîð âûðàæåí â ÑÊ çâåíà

3 ìîæíî èñêëþ÷èòü ñèëó ãðàâèòàöèè èç âû÷èñëåíèé, åñëè ó÷åñòü óñêîðåíèå
ñâîáîäíîãî ïàäåíèÿ 0g ïðè èíèöèàëèçàöèè ïðîöåäóðû
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Âû÷èñëåíèå ñèë/ìîìåíòîâ

Îáðàòíàÿ ðåêóðñèÿ

1 íà êàæäîì øàãå äëÿ çâåíà ïîëó÷àåì äâà âåêòîðûíõ óðàâíåíèÿ: äëÿ ñèë è
äëÿ ìîìåíòîâ

2 ÷òîáû ïîëó÷èòü n ñêàëÿðíûõ óðàâíåíèé, íóæíî âûïîëíèòü ïðîåêöèþ
ñèë/ìîìåíòîâ - FP

ui =

{
f T
i ·i zi−1 + ηiq̇i, σi = 0

τT
i ·i zi−1 + ηiq̇i, σi = 1

σi = 0 äëÿ ëèíåéíûõ çâåíüåâ, σi = 1 äëÿ âðàùàòåëüíûõ çâåíüåâ, ηiq̇i -
äèññèïàòèâíàÿ ñèëà âÿçêîãî òðåíèÿ, ui - îáîáùåííàÿ ñèëà (àíàëîãè÷íà
óð-èþ Ýéëåðà-Ëàãðàíæà)
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Êîììåíòàðèè ê ìåòîäó

÷èñëåííàÿ ðåàëèçàöèÿ ìåòîäà ðåêîìåíäóåòñÿ äëÿ èñïîëüçîâàíèÿ â
ðåàëüíîì âðåìåíè

íà êàæäîì øàãå ðåêóðñèé ïîäñòàâëÿþòñÿ ÷èñëåííûå çíà÷åíèÿ ïàðàìåòðîâ

âû÷èñëèòåëüíàÿ ñëîæíîñòü ïðîöåäóðû ðàñòåò ëèíåéíî ñ ÷èñëîì çâåíüåâ
O(n) - íà êàæäîì øàãå ñëîæíîñòü îäèíàêîâà
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Âû÷èñëåíèå èíâåðñíîé äèíàìèêè

Äëÿ âû÷èñëåíèÿ íóæíà èíôîðìàöèÿ î ðîáîòå

êîë-âî n è òèï çâåíüåâ σi

êèíåìàòè÷åñêèå ïàðàìåòðû (Äåíàâèò-Õàðòåíáåðã)

äèíàìè÷åñêèå ïàðàìåòðû (ìàññû, èíåðöèè, êîîðä. öåíòðîâ ìàññ ..)
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Âû÷èñëåíèå êîìïîíåíòîâ óð-èÿ äâèæåíèÿ

ïîëíàÿ äèíàìèêà τ = NE(qd, q̇d, q̈d)

âåêòîð ãðàâèòàöèè g(q) = NE(qd, 0, 0)

Êîðèîëèñîâû/öåíòðîáåæíûå ñèëû c(q, q̇) = NE(qd, q̇d, 0)|g=0

ìàòðèöà èíåðöèè (ïîñòîëáöîâî) mi(q) = NE(qd, 0, 1)|g=0

îáîáùåííûé ìîìåíò M(q)q̇ = NE(qd, 0, q̇)|g=0
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Çàìêíóòàÿ êèíåìàòèêà
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Âû÷èñëåíèå êîìïîíåíòîâ óð-èÿ äâèæåíèÿ

Ìîäåëèðîâàíèå 2R ìàíèïóëÿòîðà

Æåëàåìûå òðàåêòîðèè (çàäàíû ïîëèíîìàìè 5-ãî ïîðÿäêà)
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Çàêëþ÷åíèå

Âû÷èñëåíèå êîìïîíåíòîâ óð-èÿ äâèæåíèÿ

Ìîäåëèðîâàíèå 2R ìàíèïóëÿòîðà

Âû÷èñëåííûå îáîáùåííûå ìîìåíòû è ÷èñëåííûå çíà÷åíèÿ êîìïîíåíòîâ óð-èÿ
äâèæåíèÿ
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Âû÷èñëåíèå ïðÿìîé äèíàìèêè

Âîñòðåáîâàíî äëÿ ìîäåëèðîâàíèÿ

Ïðîöåäóðà

äëÿ òåêóùåãî ñîñòîÿíèÿ (q, q̇)
q̈ = M−1(q)(τ − c(q, q̇)− g(q)) = M−1(q)(τ − n(q, q̇))

âû÷èñëèòü Êîðèîëèñîâû/öåíòðîáåæíûå è ãðàâèòàöèîííûå ñèëû
n(q, q̇) = NE(qd, q̇d, 0)

âû÷èñëèòü ïîñòîëáöîâî ìàòðèöó èíåðöèè mi(q) = NE(qd, 0, 1)|g=0

îáðàòèòü ìàòðèöó èíåðöèè M−1(q) = inv(M(q))

äëÿ çàäàííûõ îáîáùåííûõ ñèë âû÷èñëèòü q̈ = inv(M(q))(τ − n(q, q̇))

÷èñëåííî ïðîèíòåãðèðîâàòü è âû÷èñëèòü ñëåäóþùåå ñîñòîÿíèå (q, q̇)
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Óð-èå äâèæåíèÿ â îïåðàöèîííîì ïðîñòðàíñòâå

Äèíàìèêà â êîíôèã. ïð-âå

M(q)q̈ + c(q, q̇) + g(q) = τ

Äèíàìèêà â îïåðàöèîííîì ïð-âå

Λẍe + µ + ρ = Fe
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Óð-èå äâèæåíèÿ â îïåðàöèîííîì ïðîñòðàíñòâå

Äèíàìèêà â êîíôèã. ïð-âå

M(q)q̈ + c(q, q̇) + g(q) = τ

Äèíàìèêà â îïåðàöèîííîì ïð-âå

Λẍe + µ + ρ = Fe

ïðîåêöèÿ ìîìåíòîâ â çâåíüÿõ â ñèëû íà ðàáî÷åì èíñòðóìåíòå

τ = JT
e Fe

êèíåìàòè÷åñêèå ñîîòíîøåíèÿ

ẋe = Jeq̇⇒ ẍe = Jeq̈e + J̇eq̇e

ẍe = JeM−1
(

JT
e Fe − (c(q, q̇) + g(q))

)
+ J̇eq̇e ⇒

ẍe + JeM−1(c(q, q̇) + g(q))− J̇eq̇e = JeM−1JT
e Fe

ìîäåëü â îïåðàöèîííîì ïð-âå

Λ =
(

JeM−1JT
e

)−1
µ = ΛJeM−1c(q, q̇)−ΛJ̇eq̇e ρ = ΛJeM−1g(q)
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Λẍe + µ + ρ = Fe

ïðîåêöèÿ ìîìåíòîâ â çâåíüÿõ â ñèëû íà ðàáî÷åì èíñòðóìåíòå

τ = JT
e Fe

êèíåìàòè÷åñêèå ñîîòíîøåíèÿ
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ẍe = JeM−1
(

JT
e Fe − (c(q, q̇) + g(q))

)
+ J̇eq̇e ⇒
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Íà ýòîé ëåêöèè...

ìîäåëèðîâàíèå çàìêíóòûõ êèíåìàòè÷åñêèõ öåïåé

ìîäåëè ðîáîòîâ ñ ãèáêèìè ñî÷ëåíåíèÿìè

îáùèå ïîëîæåíèÿ ìåòîäà Íüþòîíà(-Ýéëåðà)

ðåêóðñèâíàÿ ïðîöåäóðà

âû÷èñëåíèå ïðÿìîé/îáðàòíîé äèíàìèêè

ìîäåëè â îïåðàöèîííîì ïðîñòðàíñòâå

c©Êîëþáèí Ñ.À., 2016 Äèíàìèêà ðîáîòîòåõíè÷åñêèõ ñèñòåì 27 / 29



Çàìêíóòàÿ êèíåìàòèêà
Ãèáêèå ñî÷ëåíåíèÿ

Ìåòîä Íüþòîíà
Îïåðàöèîííîå ïð-âî

Çàêëþ÷åíèå

Íà ñëåäóþùåé ëåêöèè...

ëèíåéíàÿ ïàðàìåòðèçàöèÿ óðàâíåíèé äâèæåíèÿ

äèíàìè÷åñêàÿ êàëèáðîâêà ìàíèïóëÿöèîííûõ ðîáîòîâ

ìîäåëè â ôîðìå âõîä-ñîñòîÿíèå-âûõîä
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Ñïàñèáî çà âíèìàíèå!

E-mail: s.kolyubin@corp.ifmo.ru
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