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Ñîäåðæàíèå ëåêöèè

Ìîòèâàöèîííûé ïðèìåð

Âû÷èñëåíèå êèíåòè÷åñêîé è ïîòíåöèàëüíîé ýíåðãèè ñèñòåìû

Óðàâíåíèå äâèæåíèÿ è åãî ñâîéñòâà

Çàêëþ÷åíèå
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Ìîòèâàöèîííûé ïðèìåð

c©Spong, Hutchinson,
Vidyasagar

2-é çàêîí Íüþòîíà

mÿ = f −mg (1)

mÿ =
d
dt
(mẏ) =

d
dt

∂

∂ẏ

(
0.5mẏ2

)
=

d
dt

∂K
∂ẏ

, (2)

ãäå K = 0.5mẏ2 - êèíåòè÷åñêàÿ ýíåðãèÿ

mg =
∂

∂y
(mgy) =

∂P
∂y

, (3)

P = mgy - ïîòåíöèàëüíàÿ ýíåðãèÿ
Ëàãðàíæèàí ñèñòåìû L = K− P
Óðàâíåíèå Ýéëåðà-Ëàãðàíæà

d
dt

∂L
∂ẏ
− ∂L

∂y
= f (4)
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Ìîòèâàöèîííûé ïðèìåð - 2

Âèðòóàëüíûå (íåçàâèñèìûå) ïåðåìåùåíèÿ ïî îáîáùåííûì êîîðäèíàòàì δqj

δri =
n

∑
j=1

∂ri

∂qj
δqj, i = 1, . . . , k

Ïðèíöèï Ä'Àëàìáåðà
k

∑
i=1

f T
i δri −

k

∑
i=1

ṗT
i δri = 0 (5)

Âèðòóàëüíàÿ ðàáîòà âíåøíèõ ñèë

k

∑
i=1

f T
i δri =

n

∑
j=1

ψjδqj, (6)

ψj = ∑k
i=1 f T

i
∂ri
∂qj

- j-ÿ îáîáùåííàÿ ñèëà

Âèðòóàëüíàÿ ðàáîòà âíóòðåííèõ ñèë

k

∑
i=1

ṗT
i δri =

k

∑
i=1

n

∑
j=1

mi r̈T
i

∂ri

∂qj
δqj (7)

Èñïîëüçóÿ ïðàâèëî ïðîèçâîäíîé ïðîèçâåäåíèÿ è äëÿ ṙi = νi

k

∑
i=1

mi r̈T
i

∂ri

∂qj
=

k

∑
i=1

{
d
dt

[
miν

T
i

∂νi

∂q̇j

]
−miν

T
i

∂νj

∂qj

}
(8)
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Ìîòèâàöèîííûé ïðèìåð - 2 (ïðîä.)

Êèíåòè÷åñêàÿ ýíåðãèÿ

K =
k

∑
i=1

1
2

miν
T
i νi

Òîãäà âèðòóàëüíàÿ ðàáîòà âíóòðåííèõ ñèë

k

∑
i=1

ṗT
i δri =

n

∑
j=1

{
d
dt

∂K
∂q̇j
− ∂K

∂qj

}
δqj (9)

Ïîäñòàâëÿåì âûðàæåíèÿ äëÿ âèðòóàëüíîé ðàáîòû âíóòðåííèõ è âíåøíèõ ñèë
â âûðàæåíèå, îïèñûâàþùåå Ïðèíöèï Ä'Àëàìáåðà

k

∑
i=1

ṗT
i δri =

n

∑
j=1

{
d
dt

∂K
∂q̇j
− ∂K

∂qj
− ψj

}
δqj = 0⇒ (10)

d
dt

∂K
∂q̇j
− ∂K

∂qj
= ψj, j = 1, . . . n (11)

Ïóñòü îáîáùåííàÿ ñèëà âêëþ÷àåò âíåøíèå ñèëû è ñèëû ãðàâèòàöèè
(êîíñåðâàòèâíûå) ψj = − ∂P

∂qj
+ τj, ãäå P(q) - ïîòíåöèàëüíàÿ ýíåðãèÿ ñèñòåìû,

òîãäà óðàâíåíèå äâèæåíèÿ
d
dt

∂L
∂q̇j
− ∂L

∂qj
= τj (12)
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Ñòàíäàðòíàÿ ïðîöåäóðà

âûáðàòü îáîáùåííûå êîîðäèíàòû q1, q2, . . . qn

âû÷èñëèòü êèíåòè÷åñêóþ K è ïîòåíöèàëüíóþ P ýíåðãèþ ñèñòåìû â
îáîáùåííûõ êîîðäèíàòàõ

âû÷èñëèòü Ëàãðàíæèàí ñèñòåì L

ñîñòàâèòü óðàâíåíèå äâèæåíèå â âèäå

d
dt

∂L
∂q̇k
− ∂L

∂qk
= τk, k = 1, 2, . . . n (13)

τk îáîáùåííûé ìîìåíò/ñèëà, ñîîòâ. qk
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Ïîëíàÿ ýíåðãèÿ ñèñòåìû

Ðèñ.: c©DeLuca

Òåîðåìà Ê¼íèãà

Êèíåòè÷åñêàÿ ýíåðãèÿ ìåõàíè÷åñêîé
ñèñòåìû åñòü ýíåðãèÿ äâèæåíèÿ öåíòðà
ìàññ ïëþñ ýíåðãèÿ äâèæåíèÿ îòíîñèòåëüíî
öåíòðà ìàññ

K =
1
2

m|v|2 + 1
2

ωTIω

ãäå m - ïîëíàÿ ìàññà, v è ω - âåêòîðû
ëèíåéíîé è óãëîâîé ñêîðîñòè, I - òåíçîð
èíåðöèè

Âñå âåëè÷èíû âûðàæåíû â èíåðöèàëüíîé ÑÊ!
Óãëîâàÿ ñêîðîñòü

ω ← S(ω) = Ṙ(t)RT(t),

ãäå R - ì-öà ïîâîðîòà îò ÑÊ òâåðäîãî òåëà ê èíåðöèàëüíîé ÑÊ
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Òåíçîð èíåðöèè

Òåíçîð èíåðöèè - ñèììåòðè÷íàÿ ìàòðèöà 3× 3
Â ÑÊ òâåðäîãî òåëà - ïîñòîÿííàÿ âåëè÷èíà

I =

 Ixx Ixy Ixz
Iyx Iyy Iyz
Izx Izy Izz


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Òåíçîð èíåðöèè - ñèììåòðè÷íàÿ ìàòðèöà 3× 3
Â ÑÊ òâåðäîãî òåëà - ïîñòîÿííàÿ âåëè÷èíà

I =

 Ixx Ixy Ixz
Iyx Iyy Iyz
Izx Izy Izz


Ãëàâíûå ìîìåíòû èíåðöèè

Ixx =
∫ ∫ ∫

(y2 + z2)ρ(x, y, z)dxdydz

Iyy =
∫ ∫ ∫

(x2 + z2)ρ(x, y, z)dxdydz

Izz =
∫ ∫ ∫

(y2 + x2)ρ(x, y, z)dxdydz
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I =

 Ixx Ixy Ixz
Iyx Iyy Iyz
Izx Izy Izz


Ïåðåêðåñòíûå ìîìåíòû èíåðöèè

Ixy = Iyx = −
∫ ∫ ∫

xyρ(x, y, z)dxdydz

Ixz = Izx = −
∫ ∫ ∫

xzρ(x, y, z)dxdydz

Iyz = Izy = −
∫ ∫ ∫

yzρ(x, y, z)dxdydz
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I =

 Ixx Ixy Ixz
Iyx Iyy Iyz
Izx Izy Izz


Òåíçîð èíåðöèè â èíåðöèàëüíîé ÑÊ

I = R(t)IRT(t)

Òåîðåìà Øòåéíåðà

äëÿ ìîìåíòà èíåðöèè
Iij = Iij,c + md2 (14)

îáîáùåíèå íà òåíçîð èíåðöèè

I = Ic + mST(r)S(r) (15)
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Òåíçîð èíåðöèè ïàðàëëåëåïèïåäà

Ðèñ.: Ïàðàëëåëåïèïåä ñ ðàâíîìåðíûì ðàñïðåäåëåíèåì ìàññû ( c©Spong).

Îñíîâíîé ìîìåíò èíåðöèè âîêðóã îñè x

Ixx =
∫ c/2

−c/2

∫ b/2

−b/2

∫ a/2

−a/2
(y2 + z2)ρ(x, y, z)dxdydz =???
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Òåíçîð èíåðöèè ïàðàëëåëåïèïåäà

Ðèñ.: Ïàðàëëåëåïèïåä ñ ðàâíîìåðíûì ðàñïðåäåëåíèåì ìàññû ( c©Spong).

Îñíîâíîé ìîìåíò èíåðöèè âîêðóã îñè x

Ixx =
∫ c/2

−c/2

∫ b/2

−b/2

∫ a/2

−a/2
(y2 + z2)ρ(x, y, z)dxdydz

= ρ
abc
12

(b2 + c2) =
m
12

(b2 + c2)
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Òåíçîð èíåðöèè ïàðàëëåëåïèïåäà

Ðèñ.: Ïàðàëëåëåïèïåä ñ ðàâíîìåðíûì ðàñïðåäåëåíèåì ìàññû ( c©Spong).

Êîìïîíåíòû òåíçîðà èíåðöèè òåëà

Ixx =
m
12

(b2 + c2), Iyy =
m
12

(a2 + c2), Izz =
m
12

(a2 + b2)

Ixy = Ixz = Iyz = 0
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Êèíåòè÷åñêàÿ ýíåðãèÿ n-çâåííîãî ðîáîòà

Ñóììà êèíåòè÷åñêîé ýíåðãèè ïîñòóïàòåëüíîãî è âðàùàòåëüíîãî äâèæåíèÿ

K = 1
2 m |vc|2 + 1

2 ωTIω

Ñêîðîñòè öåíòðà ìàññ òåëà

vc = ṙc - ôóíêöèÿ îáîáùåííûõ êîîðäèíàò q ñêîðîñòåé q̇;

ω - ôóíêöèÿ îáîáùåííûõ êîîðäèíàò q ñêîðîñòåé q̇.
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ω - ôóíêöèÿ îáîáùåííûõ êîîðäèíàò q ñêîðîñòåé q̇.

Ñîîòíîøåíèÿ ìîãóò áûòü ïîëó÷åíû ÷åðåç ßêîáèàíû, àññîöèèðîâàííûå ñ
öåíòðàìè ìàññ çâåíüåâ

vc,i = Jvi (q)q̇, ωi = Jωi (q)q̇
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öåíòðàìè ìàññ çâåíüåâ

vc,i = Jvi (q)q̇, ωi = Jωi (q)q̇

Ïîëíàÿ êèíåòè÷åñêàÿ ýíåðãèÿ ðîáîòà

K =
1
2

q̇T

[
n

∑
i=1

miJvi (q)
TJvi (q) + Jωi (q)

TRi(q)IRi(q)TJωi (q)

]
q̇
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Çàêëþ÷åíèå

Ïîòåíöèàëüíàÿ ýíåðãèÿ n-çâåííîãî ðîáîòà

Ïîòåíöèàëüíàÿ ýíåðãèÿ i-ãî çâåíà

Pi = migTrc,i

ãäå rc,i - âåêòîð, îïèñûâàþùèé ðàñïîëîæåíèå öåíòðà ìàññ çâåíà∣∣∣∣rc,i
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1
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q̇T
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n

∑
i=1

miJvi (q)
TJvi (q) + Jωi (q)

TRi(q)IRi(q)TJωi (q)

]
q̇

=
1
2

q̇TD(q)q̇ =
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2 ∑

k,j
dkj(q)q̇kq̇j
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c©Êîëþáèí Ñ.À., 2016 Äèíàìèêà ðîáîòîòåõíè÷åñêèõ ñèñòåì 12 / 22



Ìîòèâàöèîííûé ïðèìåð
Âû÷èñëåíèå ýíåðãèè
Óðàâíåíèå äâèæåíèÿ

Ñâîéñòâà óð-èé Ëàãðàíæà
Çàêëþ÷åíèå

Óðàâíåíèå äâèæåíèÿ

Êèíåòè÷åñêàÿ ýíåðãèÿ ñèñòåìû

K =
1
2

q̇T

[
n

∑
i=1

miJvi (q)
TJvi (q) + Jωi (q)

TRi(q)IRi(q)TJωi (q)

]
q̇

=
1
2

q̇TD(q)q̇ =
1
2 ∑

k,j
dkj(q)q̇kq̇j

Äëÿ êîíñåðâàòèâíûõ îáîáùåííûõ ñèë ψk = − ∂P
∂qk

+ τk

d
dt

∂L
∂q̇k
− ∂L

∂qk
= τk

c©Êîëþáèí Ñ.À., 2016 Äèíàìèêà ðîáîòîòåõíè÷åñêèõ ñèñòåì 12 / 22



Ìîòèâàöèîííûé ïðèìåð
Âû÷èñëåíèå ýíåðãèè
Óðàâíåíèå äâèæåíèÿ

Ñâîéñòâà óð-èé Ëàãðàíæà
Çàêëþ÷åíèå

Óðàâíåíèå äâèæåíèÿ

Êèíåòè÷åñêàÿ ýíåðãèÿ ñèñòåìû

K =
1
2

q̇T

[
n

∑
i=1

miJvi (q)
TJvi (q) + Jωi (q)

TRi(q)IRi(q)TJωi (q)

]
q̇

=
1
2

q̇TD(q)q̇ =
1
2 ∑

k,j
dkj(q)q̇kq̇j

Äëÿ êîíñåðâàòèâíûõ îáîáùåííûõ ñèë ψk = − ∂P
∂qk

+ τk

Ëàãðàíæèàí ñèñòåìû L = K−P

d
dt

∂L
∂q̇k
− ∂L

∂qk
= τk

d
dt

∂(K−P)
∂q̇k

− ∂(K−P)
∂qk

= τk

c©Êîëþáèí Ñ.À., 2016 Äèíàìèêà ðîáîòîòåõíè÷åñêèõ ñèñòåì 12 / 22



Ìîòèâàöèîííûé ïðèìåð
Âû÷èñëåíèå ýíåðãèè
Óðàâíåíèå äâèæåíèÿ

Ñâîéñòâà óð-èé Ëàãðàíæà
Çàêëþ÷åíèå

Óðàâíåíèå äâèæåíèÿ

Êèíåòè÷åñêàÿ ýíåðãèÿ ñèñòåìû

K =
1
2

q̇T

[
n

∑
i=1

miJvi (q)
TJvi (q) + Jωi (q)

TRi(q)IRi(q)TJωi (q)

]
q̇

=
1
2

q̇TD(q)q̇ =
1
2 ∑

k,j
dkj(q)q̇kq̇j

Äëÿ êîíñåðâàòèâíûõ îáîáùåííûõ ñèë ψk = − ∂P
∂qk

+ τk

Ëàãðàíæèàí ñèñòåìû L = K−P

d
dt

∂L
∂q̇k
− ∂L

∂qk
= τk

d
dt

∂K
∂q̇k
− ∂(K−P)

∂qk
= τk

c©Êîëþáèí Ñ.À., 2016 Äèíàìèêà ðîáîòîòåõíè÷åñêèõ ñèñòåì 12 / 22



Ìîòèâàöèîííûé ïðèìåð
Âû÷èñëåíèå ýíåðãèè
Óðàâíåíèå äâèæåíèÿ

Ñâîéñòâà óð-èé Ëàãðàíæà
Çàêëþ÷åíèå
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d
dt

∂K
∂q̇k
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Óðàâíåíèå äâèæåíèÿ (ïðîä.)

Âòîðîå ñëàãàåìîå

∂(K−P)
∂qk

=
∂

∂qk

[
1
2

q̇D(q)q̇−P
]
=

1
2

q̇
[

∂

∂qk
D(q)

]
q̇− ∂

∂qk
P

=
1
2

n

∑
j=1

n

∑
i=1

∂dij

∂qk
q̇iq̇j −

∂

∂qk
P
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Èòîãîâîå âûðàæåíèå äëÿ óðàâíåíèÿ äâèæåíèÿ

n

∑
j=1
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1
2

n

∑
j=1

n

∑
i=1

(
∂dkj

∂qi
+

∂dki
∂qj
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q̇iq̇j

− 1
2

n

∑
j=1

n

∑
i=1

∂dij

∂qk
q̇iq̇j +

∂

∂qk
P = τk
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çàäàåòñÿ â âåêòîðíîé ôîðìå êàê

D(q)q̈ + C(q, q̇)q̇ + G(q) = τ

ñ Êîðèîëèñîâûìè è öåíòðîáåæíûìè ñèëàìè C(q), ckj = ∑n
i=1 cijk(q)q̇i.
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Ìîòèâàöèîííûé ïðèìåð
Âû÷èñëåíèå ýíåðãèè
Óðàâíåíèå äâèæåíèÿ

Ñâîéñòâà óð-èé Ëàãðàíæà
Çàêëþ÷åíèå

Êîñî-ñèììåòðè÷íîñòü Ḋ(q)− 2C(q, q̇)
×òîáû ïîêàçàòü, ÷òî

N = d
dt [D(q)]− 2C(q, q̇) , NT = −N

ïðîâåðèì (k, j)-ûé êîìïîíåíò

d
dt dkj − 2ckj =

n

∑
i=1

∂dkj

∂qi
q̇i −

n

∑
i=1

[
∂dkj

∂qi
+

∂dki
∂qj
−

∂dij

∂qk

]
q̇i

=
n

∑
i=1

{
∂dkj

∂qi
−
[

∂dkj

∂qi
+

∂dki
∂qj
−

∂dij

∂qk

]}
q̇i

=
n

∑
i=1

{
∂dij

∂qk
− ∂dki

∂qj

}
q̇i
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Ìîòèâàöèîííûé ïðèìåð
Âû÷èñëåíèå ýíåðãèè
Óðàâíåíèå äâèæåíèÿ
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i=1
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∂qi
−
[
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∂qi
+

∂dki
∂qj
−

∂dij

∂qk

]}
q̇i

=
n

∑
i=1

{
∂dij

∂qk
− ∂dki

∂qj

}
q̇i =

n

∑
i=1

{
∂dji

∂qk
− ∂dki

∂qj

}
q̇i
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Ìîòèâàöèîííûé ïðèìåð
Âû÷èñëåíèå ýíåðãèè
Óðàâíåíèå äâèæåíèÿ

Ñâîéñòâà óð-èé Ëàãðàíæà
Çàêëþ÷åíèå

Êîñî-ñèììåòðè÷íîñòü Ḋ(q)− 2C(q, q̇)
×òîáû ïîêàçàòü, ÷òî

N = d
dt [D(q)]− 2C(q, q̇) , NT = −N

ïðîâåðèì (k, j)-ûé êîìïîíåíò

d
dt dkj − 2ckj =

n

∑
i=1

∂dkj

∂qi
q̇i −

n

∑
i=1

[
∂dkj

∂qi
+

∂dki
∂qj
−

∂dij

∂qk

]
q̇i

=
n

∑
i=1

{
∂dkj

∂qi
−
[

∂dkj

∂qi
+

∂dki
∂qj
−

∂dij

∂qk

]}
q̇i

=
n

∑
i=1

{
∂dij

∂qk
− ∂dki

∂qj

}
q̇i =

n

∑
i=1

{
∂dji

∂qk
− ∂dki

∂qj

}
q̇i

⇒ nkj = −njk
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Ìîòèâàöèîííûé ïðèìåð
Âû÷èñëåíèå ýíåðãèè
Óðàâíåíèå äâèæåíèÿ

Ñâîéñòâà óð-èé Ëàãðàíæà
Çàêëþ÷åíèå

Ïàññèâíîñòü

Äàíà ìåõàíè÷åñêàÿ ñèñòåìà

d
dt

[
∂L
∂q̇

]
− ∂L

∂q
= τ ⇔ D(q)q̈ + C(q, q̇)q̇ + G(q) = τ

ñ
L = 1

2 q̇TD(q)q̇− P(q)
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Ìîòèâàöèîííûé ïðèìåð
Âû÷èñëåíèå ýíåðãèè
Óðàâíåíèå äâèæåíèÿ

Ñâîéñòâà óð-èé Ëàãðàíæà
Çàêëþ÷åíèå

Ïàññèâíîñòü

Äàíà ìåõàíè÷åñêàÿ ñèñòåìà

d
dt

[
∂L
∂q̇

]
− ∂L

∂q
= τ ⇔ D(q)q̈ + C(q, q̇)q̇ + G(q) = τ

ñ
L = 1

2 q̇TD(q)q̇− P(q)

Ýíåðãèÿ âû÷èñëÿåòñÿ èç ñîîòíîøåíèÿ

H = 1
2 q̇TD(q)q̇ + P(q)
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Ìîòèâàöèîííûé ïðèìåð
Âû÷èñëåíèå ýíåðãèè
Óðàâíåíèå äâèæåíèÿ

Ñâîéñòâà óð-èé Ëàãðàíæà
Çàêëþ÷åíèå

Ïàññèâíîñòü

Äàíà ìåõàíè÷åñêàÿ ñèñòåìà

d
dt

[
∂L
∂q̇

]
− ∂L

∂q
= τ ⇔ D(q)q̈ + C(q, q̇)q̇ + G(q) = τ

ñ
L = 1

2 q̇TD(q)q̇− P(q)

Ýíåðãèÿ âû÷èñëÿåòñÿ èç ñîîòíîøåíèÿ

H = 1
2 q̇TD(q)q̇ + P(q)

×òî ñëó÷èòñÿ ñ d
dtH?
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Ìîòèâàöèîííûé ïðèìåð
Âû÷èñëåíèå ýíåðãèè
Óðàâíåíèå äâèæåíèÿ

Ñâîéñòâà óð-èé Ëàãðàíæà
Çàêëþ÷åíèå

Ïàññèâíîñòü (ïðîä.)

Äèôôåðåíöèðóÿ H âäîëü ðåøåíèÿ ñèñòåìû, ïîëó÷àåì

d
dtH = d

dt

[
1
2 q̇TD(q)q̇ + P(q)

]
= 1

2 q̈TD(q)q̇ + 1
2 q̇TD(q)q̈ + 1

2 q̇T d
dt [D(q)] q̇ + q̇T ∂P

∂q
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Ìîòèâàöèîííûé ïðèìåð
Âû÷èñëåíèå ýíåðãèè
Óðàâíåíèå äâèæåíèÿ

Ñâîéñòâà óð-èé Ëàãðàíæà
Çàêëþ÷åíèå

Ïàññèâíîñòü (ïðîä.)

Äèôôåðåíöèðóÿ H âäîëü ðåøåíèÿ ñèñòåìû, ïîëó÷àåì

d
dtH = d

dt

[
1
2 q̇TD(q)q̇ + P(q)

]
= 1

2 q̈TD(q)q̇ + 1
2 q̇TD(q)q̈ + 1

2 q̇T d
dt [D(q)] q̇ + q̇T ∂P

∂q

= q̇TD(q)q̈ + 1
2 q̇T d

dt [D(q)] q̇ + q̇T ∂P
∂q
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Ìîòèâàöèîííûé ïðèìåð
Âû÷èñëåíèå ýíåðãèè
Óðàâíåíèå äâèæåíèÿ

Ñâîéñòâà óð-èé Ëàãðàíæà
Çàêëþ÷åíèå

Ïàññèâíîñòü (ïðîä.)

Äèôôåðåíöèðóÿ H âäîëü ðåøåíèÿ ñèñòåìû, ïîëó÷àåì

d
dtH = d

dt

[
1
2 q̇TD(q)q̇ + P(q)

]
= 1

2 q̈TD(q)q̇ + 1
2 q̇TD(q)q̈ + 1

2 q̇T d
dt [D(q)] q̇ + q̇T ∂P

∂q

= q̇TD(q)q̈ + 1
2 q̇T d

dt [D(q)] q̇ + q̇T ∂P
∂q

= q̇T [τ − C(q, q̇)q̇−G(q)] + 1
2 q̇T d

dt [D(q)] q̇ + q̇T ∂P
∂q

Èñïîëüçóåì óðàâíåíèÿ Ëàãðàíæà

D(q)q̈ + C(q, q̇)q̇ + G(q) = τ
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Ìîòèâàöèîííûé ïðèìåð
Âû÷èñëåíèå ýíåðãèè
Óðàâíåíèå äâèæåíèÿ

Ñâîéñòâà óð-èé Ëàãðàíæà
Çàêëþ÷åíèå

Ïàññèâíîñòü (ïðîä.)

Äèôôåðåíöèðóÿ H âäîëü ðåøåíèÿ ñèñòåìû, ïîëó÷àåì

d
dtH = d

dt

[
1
2 q̇TD(q)q̇ + P(q)

]
= 1

2 q̈TD(q)q̇ + 1
2 q̇TD(q)q̈ + 1

2 q̇T d
dt [D(q)] q̇ + q̇T ∂P

∂q

= q̇TD(q)q̈ + 1
2 q̇T d

dt [D(q)] q̇ + q̇T ∂P
∂q

= q̇T [τ − C(q, q̇)q̇−G(q)] + 1
2 q̇T d

dt [D(q)] q̇ + q̇T ∂P
∂q

= q̇Tτ + q̇T
(

1
2

d
dt [D(q)]− C(q, q̇)

)
q̇ + q̇T

(
∂P
∂q
−G(q)

)
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Ìîòèâàöèîííûé ïðèìåð
Âû÷èñëåíèå ýíåðãèè
Óðàâíåíèå äâèæåíèÿ

Ñâîéñòâà óð-èé Ëàãðàíæà
Çàêëþ÷åíèå

Ïàññèâíîñòü (ïðîä.)

Äèôôåðåíöèðóÿ H âäîëü ðåøåíèÿ ñèñòåìû, ïîëó÷àåì

d
dtH = d

dt

[
1
2 q̇TD(q)q̇ + P(q)

]
= 1

2 q̈TD(q)q̇ + 1
2 q̇TD(q)q̈ + 1

2 q̇T d
dt [D(q)] q̇ + q̇T ∂P

∂q

= q̇TD(q)q̈ + 1
2 q̇T d

dt [D(q)] q̇ + q̇T ∂P
∂q

= q̇T [τ − C(q, q̇)q̇−G(q)] + 1
2 q̇T d

dt [D(q)] q̇ + q̇T ∂P
∂q

= q̇Tτ + q̇T
(

1
2

d
dt [D(q)]− C(q, q̇)

)
q̇ + q̇T

(
∂P
∂q
−G(q)

)
︸ ︷︷ ︸

= 0
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Ìîòèâàöèîííûé ïðèìåð
Âû÷èñëåíèå ýíåðãèè
Óðàâíåíèå äâèæåíèÿ

Ñâîéñòâà óð-èé Ëàãðàíæà
Çàêëþ÷åíèå

Ïàññèâíîñòü (ïðîä.)

Äèôôåðåíöèðóÿ H âäîëü ðåøåíèÿ ñèñòåìû, ïîëó÷àåì

d
dtH = d

dt

[
1
2 q̇TD(q)q̇ + P(q)

]
= 1

2 q̈TD(q)q̇ + 1
2 q̇TD(q)q̈ + 1

2 q̇T d
dt [D(q)] q̇ + q̇T ∂P

∂q

= q̇TD(q)q̈ + 1
2 q̇T d

dt [D(q)] q̇ + q̇T ∂P
∂q

= q̇T [τ − C(q, q̇)q̇−G(q)] + 1
2 q̇T d

dt [D(q)] q̇ + q̇T ∂P
∂q

= q̇Tτ + q̇T
(

1
2

d
dt [D(q)]− C(q, q̇)

)
q̇︸ ︷︷ ︸

= 0

+ q̇T

(
∂P
∂q
−G(q)

)
︸ ︷︷ ︸

= 0
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Ìîòèâàöèîííûé ïðèìåð
Âû÷èñëåíèå ýíåðãèè
Óðàâíåíèå äâèæåíèÿ

Ñâîéñòâà óð-èé Ëàãðàíæà
Çàêëþ÷åíèå

Ïàññèâíîñòü (ïðîä.)

Äèôôåðåíöèðóÿ H âäîëü ðåøåíèÿ ñèñòåìû, ïîëó÷àåì

d
dtH = d

dt

[
1
2 q̇TD(q)q̇ + P(q)

]
= 1

2 q̈TD(q)q̇ + 1
2 q̇TD(q)q̈ + 1

2 q̇T d
dt [D(q)] q̇ + q̇T ∂P

∂q

= q̇TD(q)q̈ + 1
2 q̇T d

dt [D(q)] q̇ + q̇T ∂P
∂q

= q̇T [τ − C(q, q̇)q̇−G(q)] + 1
2 q̇T d

dt [D(q)] q̇ + q̇T ∂P
∂q

= q̇Tτ + q̇T
(

1
2

d
dt [D(q)]− C(q, q̇)

)
q̇︸ ︷︷ ︸

= 0

+ q̇T

(
∂P
∂q
−G(q)

)
︸ ︷︷ ︸

= 0
= q̇Tτ
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Ìîòèâàöèîííûé ïðèìåð
Âû÷èñëåíèå ýíåðãèè
Óðàâíåíèå äâèæåíèÿ

Ñâîéñòâà óð-èé Ëàãðàíæà
Çàêëþ÷åíèå

Ïàññèâíîñòü (ïðîä.)

Äèôôåðåíöèàëüíîå ñîîòíîøåíèå
d
dtH = q̇Tτ

ìîæåò áûòü ïðîèíòåãðèðîâàíî òàê ÷òî∫ T

0

d
dtH(q(t), q̇(t))dt = H(q(T), q̇(T))−H(q(0), q̇(0))

=
∫ T

0
q̇(t)Tτ(t)dt
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Ìîòèâàöèîííûé ïðèìåð
Âû÷èñëåíèå ýíåðãèè
Óðàâíåíèå äâèæåíèÿ

Ñâîéñòâà óð-èé Ëàãðàíæà
Çàêëþ÷åíèå

Ïàññèâíîñòü (ïðîä.)

Äèôôåðåíöèàëüíîå ñîîòíîøåíèå
d
dtH = q̇Tτ

ìîæåò áûòü ïðîèíòåãðèðîâàíî òàê ÷òî∫ T

0

d
dtH(q(t), q̇(t))dt = H(q(T), q̇(T))−H(q(0), q̇(0))

=
∫ T

0
q̇(t)Tτ(t)dt

×àñòü ýíåðãèè, ðàññåèâàåìàÿ â ñèñòåìå, èìååò îãðàíè÷åíèå ñíèçó∫ T
0 q̇(t)τ(t)dt = H(q(T), q̇(T))−H(q(0), q̇(0))≥−H(q(0), q̇(0))
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Ìîòèâàöèîííûé ïðèìåð
Âû÷èñëåíèå ýíåðãèè
Óðàâíåíèå äâèæåíèÿ

Ñâîéñòâà óð-èé Ëàãðàíæà
Çàêëþ÷åíèå

Ïàññèâíîñòü (ïðîä.)

Äèôôåðåíöèàëüíîå ñîîòíîøåíèå
d
dtH = q̇Tτ

ìîæåò áûòü ïðîèíòåãðèðîâàíî òàê ÷òî∫ T

0

d
dtH(q(t), q̇(t))dt = H(q(T), q̇(T))−H(q(0), q̇(0))

=
∫ T

0
q̇(t)Tτ(t)dt

×àñòü ýíåðãèè, ðàññåèâàåìàÿ â ñèñòåìå, èìååò îãðàíè÷åíèå ñíèçó∫ T
0 q̇(t)τ(t)dt = H(q(T), q̇(T))−H(q(0), q̇(0))≥−H(q(0), q̇(0))

Ýòè ñîîòíîøåíèÿ íàçûâàþòñÿ

ñîîòíîøåíèå ïàññèâíîñòè (äèññèïàòèâíîñòè)

ñîîòíîøåíèå ïàññèâíîñòè (äèññèïàòèâíîñòè) â èíòåãðàëüíîé ôîðìå
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Ìîòèâàöèîííûé ïðèìåð
Âû÷èñëåíèå ýíåðãèè
Óðàâíåíèå äâèæåíèÿ

Ñâîéñòâà óð-èé Ëàãðàíæà
Çàêëþ÷åíèå

Ñâîéñòâà ìàòðèöû èíåðöèè D(q)
Êèíåòè÷åñêàÿ ýíåðãèÿ ìåõàíè÷åñêîé ñèñòåìû íåîðèöàòåëüíàÿ

K(q, q̇) = 1
2 q̇TD(q)q̇ ≥ 0

Ñâîéñòâà (îáîáùåííîé) ìàòðèöû èíåðöèè

1 D(q) ∈ Rn×n - êâàäðàòíàÿ

2 D(q) = D(q)T - ñèììåòðè÷íàÿ

3 q̇TD(q)q̇ > 0 ïîëîæèòåëüíî îïðåäåëåííàÿ, ò.ê. êèíåòè÷åñêàÿ ýíåðãèÿ
íåîòðèöàòåëüíà

4 D(q) èìååò ïîëîæèòåëüíûå ñîáñòâåííû ÷èñëà 0 < λ1(q) ≤ . . . ≤ λn(q)
òàêèå, ÷òî

λ1(q)In ≤ D(q) ≤ λn(q)In

Ò.ê. q îãðàíè÷åíû, òî ìîæíî íàéòè ðàâíîìåðíûå îãðàíè÷åíèÿ íà ìàòðèöó
èíåðèè.
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Ìîòèâàöèîííûé ïðèìåð
Âû÷èñëåíèå ýíåðãèè
Óðàâíåíèå äâèæåíèÿ

Ñâîéñòâà óð-èé Ëàãðàíæà
Çàêëþ÷åíèå

Íà ýòîé ëåêöèè...

îáùèå ïîëîæåíèÿ ïî ìåòîäó Ëàãðàíæà

âû÷èñëåíèå êèíåòè÷åñêîé è ïîòåíöèàëüíîé ýíåðãèè ðîáîòà

ñîñòàâëåíèå óðàâíåíèé äâèæåíèÿ ïî ìåòîäó Ëàãðàíæà

ñâîéñòâà óðàâíåíèé Ëàãðàíæà
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Íà ñëåäóþùåé ëåêöèè...

ìåòîä Íüþòîíà(-Ýéëåðà)

ìîäåëèðîâàíèå çàìêíóòûõ êèíåìàòè÷åñêèõ öåïåé

ìîäåëè ðîáîòîâ ñ ãèáêèìè ñî÷ëåíåíèÿìè

ìîäåëè â îïåðàöèîííîì ïðîñòðàíñòâå
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Ñïàñèáî çà âíèìàíèå!

E-mail: s.kolyubin@corp.ifmo.ru
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