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Îñíîâíûå ìåòîäû

Ìåòîäû

(Ýéëåðà-)Ëàãðàíæà - êèíåòè÷åñêàÿ è ïîòåíöèàëüíàÿ ýíåðãèÿ
äèíàìèêà ìíîãîçâåííîãî ðîáîòà ðàññìàòðèâàåòñÿ â öåëîì
âíóòðåííèå ñèëû ðåàêöèè ñâÿçåé èñêëþ÷àþòñÿ èç óðàâíåíèé
óðàâíåíèÿ â ñèìâîëüíîé ôîðìå
ëó÷øå äëÿ àíàëèçà

Íüþòîíà(-Ýéëåðà) - áàëàíñ ñèë è ìîìåíòîâ
óðàâíåíèÿ çàïèñàíû îòäåëüíîãî äëÿ êàæäîãî òåëà/çâåíà
â ÿâíîì âèäå âûïèñûâàþòñÿ ñèëû ðåêöèè ñâÿçåé ìåæäó çâåíüÿìè
óðàâíåíèÿ â ÷èñëåííîé ðåêóðñèâíîé ôîðìå
ëó÷øå äëÿ ñèíòåçà (óïðàâëåíèå, ïðèìåíåíèå)

Íåîáõîäèìûå ýëåìåíòû

óãëîâûå è ëèíåéíûå ñêîðîñòè öåíòðà ìàññ êàê ôóíêöèè îáîáùåííûõ
êîîðäèíàò

äèíàìè÷åñêèå ïàðàìåòðû: ìàññà, ìîìåíò èíðåöèè, êîîðäèíàòû öåíòðîâ
ìàññ
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Íåêîòîðûå ñâåäåíèÿ èç ëèíåéíîé àëãåáðû

êîñî-ñèììåòðè÷åñêàÿ ìàòðèöà

S(a) =

 0 −a3 a2
a3 0 −a1
−a2 a1 0


âåêòîðíîå ïðîèçâåäåíèå

a× b = det

 i j k
a1 a2 a3
b1 b2 b3


a× b = S(a) · b
a× b = −b× a

ïðîèçâîäíàÿ ïîâîðîòíîé ìàòðèöû 0Ṙi = S(0ωi)
0Ri
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Ïðîèçâîäíàÿ âåêòîðà â äâèæóùåéñÿ ÑÊ

ñêîðîñòü ÷àñòèöû ν = νc + ω× r = νc + S(ω)r

ñêîðîñòü â ñòàöèîíàðíîé ÑÊ 0νi =
0 Ri ·i νi

óñêîðåíèå â ñòàöèîíàðíîé ÑÊ

0ai =
0 ν̇i =

0 Ri ·i ν̇i +
0 Ṙi ·i νi =

0 Ri
i · ν̇i +

0 ωi ×0 Ri ·i νi = (1)

0Ri(
i ν̇i +

i ωi ×i νi) =
0 Ri ·i ai ⇒

iai =
i ν̇i +

i ωi ×i νi

0an =0 ai +
i an + (iωn ×0 ai)
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Âèðòóàëüíûå ïåðåìåùåíèå è ðàáîòà

Âèðòóàëüíîå ïåðåìåùåíèå

Ìûñëåííîå áåñêîíå÷íî ìàëîå ïåðåìåùåíèå, êîòîðîå â äàííûé ìîìåíò âðåìåíè
ìàòåðèàëüíàÿ òî÷êà ìîæåò ñîâåðøèòü, íå íàðóøàÿ ñâÿçåé

Âèðòóàëüíàÿ ðàáîòà

Ðàáîòà, êîòîðóþ ñîâåðøèëè áû àêòèâíûå ñèëû íà âèðòóàëüíûõ
ïåðåìåùåíèÿõ, åñëè áû ýòè ïåðåìåùåíèÿ ïðîèçîøëè
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Ôóíäàìåíòàëüíûå ïðèíöèïû

Ïðèíöèï âèðòóàëüíûõ ïåðåìåùåíèé (âèðòóàëüíîé ðàáîòû)
Â ïîëîæåíèè ðàâíîâåñèÿ ðàáîòà àêòèâíûõ (âíåøíèõ) ñèë íà âèðòóàëüíûõ
ïåðåìåùåíèÿõ ðàâíà íóëþ

Ïðèíöèï Ä'Àëàìáåðà
Ðàáîòà àêòèâíûõ ñèë âìåñòå ñ ñèëàìè èíåðöèè (ðåàêöèè) íà âèðòóàëüíûõ
ïåðåìåùåíèÿõ ðàâíà íóëþ

Ïðèíöèï Ãàìèëüòîíà (íàèìåíüøåãî äåéñòâèÿ, ñòàöèîíàðíîñòè äåéñòâèÿ)
Äëÿ êîíñåðâàòèâíûõ ñèñòåì ïåðåõîä èç îäíîé òî÷êè êîíôèãóðàöèîííîãî
ïðîñòðàíñòâà â äðóãóþ ïðîèñõîäèò òàêèì îáðàçîì, ÷òî äåéñòâèå
ïðèíèìàåò ýêñòðåìàëüíîå (íàèìåíüøåå) çíà÷åíèå
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2 çàêîí Íüþòîíà äëÿ ÷àñòèöû

Íüþòîí - ïîñòóïàòåëüíîå äâèæåíèå Ýéëåð - âðàùàòåëüíîå äâèæåíèå
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Ïðèíöèï Ä'Àëàìáåðà

Â ñîñòîÿíèè ðàâíîâåñèÿ âèðòóàëüíàÿ ðàáîòà ðàâíà íóëþ

δW =
∫

B
δξT(ξ̈dm− dF) = 0,

ãäå dm - ìàññà ÷àñòèöû, δ~ξ - âèðòóàëüíîå ïåðåìåùåíèå, ~̈ξ - óñêîðåíèå ÷àñòèöû,
d~F - âíåøíèå ñèëû, δW -âèðòóàëüíàÿ ðàáîòà

×òîáû ïðèâåñòè ñèñòåìó ÷àñòèö â ñîñòîÿíèå ðàâíîâåñèÿ, ê êàæäîé ÷àñòèöå
íóæíî ïðèëîæèòü âíåøíþþ ñèëó −ṗi, ãäå pi - èìïóëüñ äàííîé ÷àñòèöû
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Ãðóïïà ÷àñòèö ñ ãîëîíîìíûìè ñâÿçÿìè

c©Spong, Hutchinson,
Vidyasagar

êàæäàÿ òî÷å÷íàÿ ìàññà èìååò 3 ñòåïåíè
ñâîáîäû - âñåãî 3k

íàëîæåíî l ãîëîíîìíûõ ñâÿçåé
gi(r1, . . . , rk) = 0, ∀i = 1, . . . , l (||r1 − r2|| = l)

â ñâÿçàííîé ñèñòåìå îñòàåòñÿ n = 3k− l
îáîáùåííûõ êîîðäèíàò qj, j = 1, . . . , n òàê ÷òî
ri = ri(q1, . . . qn)

âèðòóàëüíûå ïåðåìåùåíèÿ δri ñîõðàíÿþò
ãîëîíîìíûå ñâÿçè gi(r1 + δr1, . . . , rk + δrk) = 0,
∀i = 1, . . . , l ((r1 − r2)T(δr1 − δr2) = 0)

δri = ∑n
j=1

∂ri
∂qj

δqj, i = 1, . . . , k, ãäå δqj -

âèðòóàëüíûå (íåîãðàíè÷åííûå) ïåðåìåùåíèÿ
ïî îáîáùåííûì êîîðäèíàòàì

ðåçóëüòèðóþùàÿ ñèëà ñêëàäûâàåòñÿ èç
âíåøíåé ñèëû fi è ñèëû ðåàêöèè f a

i

åñëè ñèëà ðåàêöèè ñâÿçè ìåæäó äâóìÿ
òî÷å÷íûìè ìàññàìè f a

i äåéñòâóåò âäîëü
âåêòîðà, ñîåäèíÿþùåãî ýòè ÷àñòèöû, òî
∑k

i=1 f aT
i δri = 0 (ðàáîòà ñèë ðåàêöèè)
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Àáñîëþòíî òâåðäîå òåëî

ÀÒÒ - ñîâîêóïíîñòü ìàòåðèàëüíûõ òî÷åê, ñâÿçàííûõ ìåæäó ñîáîé
(íåäåôîðìèðîâàííûìè) ãîëîíîìíûìè îãðàíè÷åíèÿìè

m =
∫

B dm =
∫

B ρ(x, y, z)dxdydz - ìàññà òåëà

rc =
1
m

∫
B ρdm∫

B ρdm = 0 (â ñèñòåìå êîîðäèíàò öåíòð
ìàññ)∫

B ρρTdm = ΘS - ìîìåíò èíåðöèè òåëà
îòíîñèòåëüíî öåíòðà ìàññ

I, B - èíåðöèàëüíàÿ è "ïðèêðåïëåííàÿ"ê
òåëó ñèñòåìû êîîðäèíàò (ÑÊ)

S - öåíòð ìàññ òåëà, O - öåíòð
ñòàöèîíàðíîé ÑÊ

~νS, ~aS - ëèíåéíûå ñêîðîñòü è óñêîðåíèå
öåíòðà ìàññ

~Ω, ~Ψ - óãëîâûå ñêîðîñòü è óñêîðåíèå òåëà
îòíîñèòåëüíî èíåðöèîííîé ÑÊ

c©Marco Hutter
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Àáñîëþòíî òâåðäîå òåëî

ÀÒÒ - ñîâîêóïíîñòü ìàòåðèàëüíûõ òî÷åê, ñâÿçàííûõ ìåæäó ñîáîé
(íåäåôîðìèðîâàííûìè) ãîëîíîìíûìè îãðàíè÷åíèÿìè

~ξ =~rOS +~ρ

~̇ξ = ~νS + ~Ω×~ρ

~̈ξ =~aS + ~Ψ×~ρ + ~Ω× (~Ω×~ρ)

δ~ξ = δ~rS + δ~Φ×~ρ

δW =
∫

B
δξT(ξ̈dm− dF) (2)

=

∣∣∣∣δ~rS
δ~Φ

∣∣∣∣T [(I3×3m 0
0 Θ

) ∣∣∣∣~aS
~Ψ

∣∣∣∣+ ∣∣∣∣ 0
Ω̃Θ~Ω

∣∣∣∣− ∣∣∣∣~Fa,K

~Γa,K

∣∣∣∣]
= 0

c©Marco Hutter

c©Êîëþáèí Ñ.À., 2016 Äèíàìèêà ðîáîòîòåõíè÷åñêèõ ñèñòåì 11 / 15



Áàçîâûå îïðåäåëåíèÿ è ïðèöèïû
Òî÷å÷íàÿ ìàññà
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Ñîõðàíåíèå èìïóëüñà è óãëîâîãî ìîìåíòà

ïðèðàùåíèå èìïóëüñà ~̇p = m~aS

ïðèðàùåíèå óãëîâîãî ìîìåíòà (âîêðóã öåíòðà ìàññ) ~̇N = ΘS~Ψ + ~Ω×ΘS~Ω

Çàêîí ñîõðàíåíèÿ

δW =

∣∣∣∣δ~rS
δ~Φ

∣∣∣∣T
[∣∣∣∣∣~̇p~̇N

∣∣∣∣∣−
∣∣∣∣~Fa,K

~Γa,K

∣∣∣∣
]
= 0 (3)
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Íà ýòîé ëåêöèè...

Áàçîâûå îïðåäåëåíèÿ è ïðèöèïû

Âòîðîé çàêîí Íüþòîíà äëÿ ìàòåðèàëüíîé òî÷êè

Ïðèíöèï Ä'Àëàìáåðà

Âû÷èñëåíèå ñêîðîñòè àáñîëþòíî òâåðäîãî òåëà

Ãëîíîìíûå ñâÿçè

Çàêîí ñîõðàíåíèÿ èìïóëüñà è óãëîâîãî ìîìåíòà
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Íà ñëåäóþùåé ëåêöèè...

Ìåòîä (Ýéëåðà-)Ëàãðàíæà
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Ñïàñèáî çà âíèìàíèå!

E-mail: s.kolyubin@corp.ifmo.ru
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